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Abstract—This paper presents an improved mathematical
model of Permanent Magnet Synchronous Machine (PMSM)
that takes into account the Cogging Torque (CT) oscillations
that appear due to the mutual attraction between the
Permanent Magnets (PMs) and the anisotropic stator
armature. The electromagnetic torque formula in the proposed
model contains an analytical expression of the CT calibrated
by Finite Element (FE) analysis. The numerical calibration is
carried out using a data fitting procedure based on the Simplex
Downhill optimization algorithm. The proposed model is
characterized by good accuracy and reduced computation
effort, its performance being verified by comparison with the
classical d-q model of the machine using Matlab/Simulink
environment.

Index Terms—finite element methods, mathematical model,
numerical simulation, optimization, permanent magnet
machines.

I. INTRODUCTION

The Permanent Magnet Synchronous Machine (PMSM) is
an electromechanical converter frequently used in industry,
especially in small power applications, due to its specific
advantages, such as: high efficiency, lack of sliding
contacts, high energy density per volume unit, safe
operation, fast and accurate speed response etc. Modern
applications where PMSM is competitive are numerous,
some examples referring to: servo drive systems, electric or
hybrid electric vehicles, small to medium power wind
turbines, etc. [1]-[7]. Several aspects related to the optimal
design and operation of PMSM were studied, some of them
referring to demagnetization faults of Permanent Magnets
(PMs) [8], multilevel optimal design [9], analytical models
for rapid analysis [10], losses evaluation techniques [11],
cogging torque reduction methods [12], [13] etc.

Despite its attractiveness, PMSM has a main drawback
represented by the presence of the Cogging Torque (CT)
that appears due to the mutual attraction between the PMs
and the stator teeth [12], [13]. CT can also be explained by
the variation of the magnetic energy in the machine air-gap
with respect to the rotor/stator relative position.

CT produces only negative effects in electrical machines
because it does not contribute to the net active torque of
electrical motors or to the resistant (antagonist)
electromagnetic torque of electrical generators, because its
mean value on a period is null. The phenomena caused by
CT that disturb the PMSM operation are: noise and
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vibrations that increase the mechanical losses [14]-[16],
increase of cut-in speed of wind turbines [17], [18],
precision reduction in case of positioning systems [19] etc.

The problems related to the CT are particularly important
for low speed high torque wind PMSM generators (direct
drive type), since CT may reach important peak values that
may prevent the turbines to produce electricity at small wind
speeds, reducing thus their efficiency [17], [18]. Despite the
importance of CT, in many cases, the numerical analysis of
the transient regimes of PMSM is based on several
simplifying hypothesis that neglect its presence [20].

The most adequate mathematical models for the transient
analysis of PMSM in general should meet two main criteria,
i.e. high accuracy and reasonable computation effort.

The most common numerical model used for the analysis
of the transient regimes of PMSM, that perform very well in
terms of computation effort, is the d-q orthogonal model.
This is a lumped parameters model, based on the voltage
equations of the machine written in the orthogonal d-q
coordinates system [20]- [22]. The main disadvantage of this
model is the lack of accuracy that derives from the
simplifying hypothesis that the model relies on.

A numerical model more and more used in the last
decades for the analysis of transient regimes of PMSM is
based on Finite Element Method (FEM), generally in 2D
approach. This is a laborious model, characterized by high
accuracy and by the capability of taking into account
complex phenomena such as cogging torque, teeth
harmonics, etc. [23]. An important drawback of this model
is related to the huge computation effort. The computation
burden increases dramatically when the analyzed electrical
machine is integrated in a PWM drive system since the
integration time step should be correlated with the
commutation frequency [24].

The mathematical model of the PMSM proposed in this
paper is a modified d-q orthogonal model able to take into
account the CT oscillations as a component of the
electromagnetic torque. This complex model combines the
advantages of the two models described above, offering
more accurate results in terms of electromagnetic torque
compared to the common d-g model of PMSM.

The physical support for this study is a small power
PMSM characterized by the main data presented in Table I.

TABLE I. MAIN DATA OF THE STUDIED PMSM AS GENERATOR

Stator Stator .
E:VEZ(: ?;::g No. of bore outer I'::;L No. of
poles diam. diam. slots
(W] [rpm] mm] | [mm] [mm]
400 1800 12 90 128 15 36
59
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The Permanent Magnets (PMs) mounted on the circular
rotor outer surface are chamfered so as to obtain an e.m.f.
waveform close to a perfect sine wave. The machine air-gap
being constant, the longitudinal and transversal inductivities
are equal with the synchronous inductance:

L=L,=1, 1)

Il. ANALYTICAL CT MODEL

The CT can be computed by the derivative of magnetic
energy W produced by the PMs with respect to the rotor
mechanical position angle o

r)=-2 @

=
Q| p=const.

Neglecting the magnetic saturation of magnetic cores and
the end effect, the expression of CT can be decomposed in
Fourier Series as follows [25]:

T.(«)= 3 Tsin(kza + p,) 3)

k=1

where Z is the number of stator slots, and T and o are
the amplitude and phase shift of harmonic number k
respectively.

A good approximation of the T, may use only four terms
(k =1 ... 4) of the Fourier Series decomposition (3), while
the unknown values of Ty and ¢y in (3) could be computed
using FE analysis.

I1l. FEM COMPUTATION OF CT

The precise evaluation of CT can be done using a 2D
parallel-type FE computation model of the PMSM. The
computation domain is represented by a cross section
through the machine, Fig. 1. The finite element
discretization of the computation domain consists of around
38000 second order triangular elements with smaller size in
the air-gap region where the most part of the magnetic
energy is concentrated, Fig. 1. Three layers of finite
elements were used in the air-gap region to ensure a good
computation accuracy of CT.

Figure 1. Cross section through the studied PMSM; FE computation
domain, main regions and mesh.
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The computation of CT oscillations is based on a series of
2D magneto-static field computations governed by the
following partial differential equation:

Vx{%VxA}:VX{%Br} 4

where A is the magnetic vector potential, « is the magnetic
permeability of materials, B, the remnant flux density of
permanent magnets.

The stator magnetic core of the PMSM is made of
standardized magnetic steel laminations M600-50A and the
rotor core is made of regular steel. The permanent magnets
are made of NdFeB N35 type, with a remnant magnetic flux
density B, =1.195 T and y, = 1.037.

The magnetic field lines and the chart of the magnetic
flux density obtained by solving the 2D magneto-static field
problem for a given relative stator/rotor position are shown
in Fig. 2.

The oscillations of CT are computed by successive 2D
magneto-static simulations for different stator/rotor relative
positions, using the Virtual Works Method, Fig. 3. The peak
value of CT is about 0.2 Nm, representing about 9.5% of the
rated torque evaluated at about 2.1 Nm.

BinTesla
Seale f Color
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128.1031E-3 1 256 36002E-3
256.36002E-3 i 334.54401E-2
] 38454401E-3 § 512.71904E-3
i 51271904E-3 | 640.29406E-3
640 8P40AE-3 | 6D OAS0ZE-3
TEPOEP0ZE-3 | 897 2441E-3
80724413 § 102542
102542 1 115359
115359 1 128177
128177 § 140594
140954 f 153812
153812 f 166629
166620 1 179447
1.70447 1 192264
192264 f 205082

Figure 2. FE results; magnetic field lines and flux density chart.
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Figure 3. CT oscillations versus stator/rotor relative position angle (FEM).
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IV. CALIBRATION OF ANALYTICAL MODEL OF CT

The calibration of the analytical model of CT is based on
the expression (3) where the coefficients T, and ¢y are
determined so as the analytical curve fits as well as possible
the FEM computed curve of CT shown in Fig. 3.

The data fitting operation, whose diagram is presented in
Fig. 4, aims at finding the most suitable coefficients Ty and
@k that minimize the sum of squared residuals. The residuals
represent the differences between the FEM computed CT
data and the analytical ones. The optimization algorithm
used in the data fitting procedure is a modified Simplex
Downhill algorithm with several restarts from different
initial guess points.

FEM curve
computation

Initialization of Ty and
i coefficients of the
analytical curve
I

v
Analytical curve
computation

Update l
coefficients Residuals
T computation
Optimization i
computation Objective function

computation

Figure 4. Data fitting procedure based on optimization algorithm,
used to determine the coefficients 7, and ¢y.

After successive computations the best Ty and oy
coefficients found for the first 4 harmonics, shown in
Table Il, lead to the CT analytical curve presented in
comparison with the FEM computed CT curve in Fig. 5. The
two curves are practically superposed.

TABLE Il
OPTIMAL COEFFICIENTS Tx [NM] AND ¢, [RAD]
T Q1 T @2 T3 Q3 T, o
0.162 0.009 0.068 0.010 -0.010 0.017 -0.002 0.017
0.3
——FEM
0.2 Analytical

0.0

CT [Nm]

-0.1

-0.2

-0.3

Angle [deg]
Figure 5. Analytical and FEM computed CT curves.
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Thus the analytical expression of the CT as a function of
the rotor/stator angular position a, resulted from the data
fitting operation, is as follows:

T.(a)=3 7, sin(86ka + g, 5)

k=1
where T and and ¢, are shown in Table II.

V. IMPLEMENTATION OF IMPROVED D-Q MODEL OF PMSM

A. Equations of the improved d-q model of PMSM

The general equations expressed in the rotor reference
frame that define the classical d-q model of the PMSM
working as motor are the following:

dig _vg Ry tq
.

i L, Ly Ly, q
di v Ri L ®

q9__4 q _~d : POy 6
_4 _ 4 __ 9 __a )

@ L L 1 POl L ©)

g9 9 7q

r =3, L,-L

e Ep zq+ d Ly ldlq
dw

’:i(T -Fo, -T )

dt e r m

where i, and i, are the d and ¢ axis stator currents, L, and
L, are the d and ¢ axis inductances, v, and v, are d and ¢
axis stator voltages, R is the phase resistance, p is the
number of pole pairs, w. is the rotor angular speed, @ is the
amplitude of the magnetic flux created by the PMs, T, is the
electromagnetic torque that neglects CT, J is the combined
moment of inertia of rotor and load, F is the combined
viscous friction coefficient of rotor and load and 7, is the
shaft mechanical torque. These equations are based on
several simplifying hypothesis that neglect the existence of
CT oscillations [21].

The particular construction of the studied PMSM with
constant air-gap implies that the inductances L, and L, in
(6) are equal with the synchronous inductance L;.

The improved d-g model of the PMSM supposes to
modify the expression of electromagnetic torque 7, in (6),
by adding the CT component, T.. The expression of the
resulting electromagnetic torque T, ” becomes:

T, =T, +T, ()

Since the expression of CT depends on rotor/stator
angular position ¢, this angular coordinate should be
computed at each time step during the simulation process.

B. PMSM parameters computation using a FEM analysis

The implementation of the d-q model for the studied
PMSM supposes first to compute all the necessary
parameters appearing in (6). In our case the phase resistance
is already known, R = 0.3 Q, but the inductance L, = L, =
L, and the amplitude of the magnetic flux @ are unknown
and they should be determined from the FEM model of the
machine.

The computation of the synchronous inductance L, can be
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done starting from the PMSM voltage phasor diagram per
phase, for the machine working as generator, as shown in
Fig. 6 a). In this diagram, V" represents the voltage per phase
at the machine terminals and X, = pw,L, is the synchronous
reactance. In case of purely resistive load, the voltage phasor
diagram looks like in Fig. 6 b).

a) b)
Figure 6. PMSM voltage phasor diagram per phase; a) general phasor
diagram; b) phasor diagram for a resistive load.

In case of resistive load if we apply Pythagoras Theorem
for the right-angled triangle shown in Fig. 6 b), we can
write:

v NE*-(V+RIY (8)

In order to compute the synchronous inductance L, from
(8), a FEM transient magnetic analysis of the PMSM is
necessary, with the rotor moving at the rated angular speed
@,

In order to easily compute the quantities £, V and [ the
FEM model of PMSM was coupled with the associated
circuit model shown in Fig. 7.

Sn
Bu Buz R Low S, Rp Lo
= = ——M rie—— M
Ry [|
B By R Lew = R. L
= = ——M rpe—— oL
| U
l i
B Buo R Lew Sw RL L
= = M * o N,

Figure 7. Circuit model associated to the FEM model of PMSM.

The circuit components of the electric diagram shown in
Fig. 7 are the following: R - stator phase resistance, B,;, B..,
.. B,, - positively and negatively oriented coil sides of
stator windings (156 turns per phase), L., - end winding
inductances (L., = 1 mH), R, - voltmeters, S,, S,, S,,, S, -
switches, R; - load resistances, L, - load inductances (useful
for modeling R-L loads).

In order to compute the e.m.f., a FEM transient magnetic
analysis of the PMSM was carried out, in no load regime
(this regime was simulated by imposing a very high value
for the load resistances R, in the circuit shown in Fig. 7). By
this analysis, the voltage per phase computed at the machine
terminals is equal with the e.m.f. (V, = E).

To compute the voltage » and current [ for a purely
resistive load, a FEM transient magnetic analysis of the
PMSM should be done with the machine working as
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generator, with a resistive load coupled to its terminals (this
regime is simulated by imposing in the circuit shown in
Fig. 7 a very small value of the load inductance L, and a
proper value of the load resistance; in our case R; = 5Q).

Another unknown quantity that appears in d-q model in
(6) is the magnetic flux amplitude @. This quantity was
computed (@ = 0.0312 Wh) by fitting the peak voltage
obtained by FEM transient magnetic analysis with the peak
voltage obtained by the improved d-g model.

The numerical data obtained by the FEM transient
magnetic analysis of PMSM working as generator, are
presented in Table I11.

TABLE IlI
DATA OBTAINED BY THE FEM TRANSIENT MAGNETIC ANALYSIS
EVI VIV I[A] X; [Q] L. [mH] @ [mWh]

2492 2174 4332 2.187 1.934 31.16

VI. NUMERICAL RESULTS

A. PMSM used as generator driven by constant torque

The performance of the improved d-q model of PMSM is
exemplified by integrating the model in a Simulink bloc
diagram and using it to simulate the operation of the
machine as generator driven by constant torque, delivering
energy on a resistive load, Fig. 8.

The numerical results obtained for classical and for
improved d-q model of the studied PMSM in steady state
are presented comparatively in Fig. 9.

We can notice the presence of the CT oscillations in the
wave form of the electromagnetic torque that involves also
small oscillations of the rotor speed, unlike the classical d-q
model where these oscillations do not exist.

Improved d-g model of PM5M as generator

=

Terque is_abc (4)

m is_abc ——

m—— me
s Te

—— we (fpm)

Alp—o A

||}-\M|JL Blo——< /B

C C

3

Machines
Measurement
Demu:x

improwed Phd Shi

I )

Te (H.m)
whe wbe (W)

Figure 8. Simulink bloc diagram used to simulate the operation of PMSM
as generator driven by constant torque.
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Figure 9. Simulink numerical results in case of PMSM working as
generator driven by constant torque (“d-q” means classical d-q model;
“i d-q” means improved d-q model); a) Electromagnetic torque; b) Rotor
speed.

These steady state results correspond to a viscous friction
coefficient £ = 0.0001 Nms and to a moment of inertia
J=0.0007 kg - m?.

We should notice that in case of PMSM with high CT
peak values and small moment of inertia the speed
oscillations could be much more pronounced.

B. PMSM working as motor under load condition

The improved d-q model of PMSM working as motor,
integrated in the Simulink bloc diagram shown in Fig. 10,
leads to the numerical results shown in Fig. 11 in
comparison with those obtained by the classical d-q model
of the machine.

Improved d-q model of PMSM as motor

— 5

Torue is_abe(A)
m B Tm i5_Ahc j—
J) [ Y
m=sm wm
B ]
C C = Te — e (rpm)
Controlled improved PRAS Machines
Voltage Meazurement
Source Demux
—[ ]
s Te (N.m)

whie who (W)

Figure 10. Simulink bloc diagram used to simulate the operation of PMSM
as motor under load condition.
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Figure 11. Simulink numerical results in case of PMSM working as motor
(*d-g” means classical d-q model; “i d-g” means improved d-q model);
a) Electromagnetic torque; b) Rotor speed.

We can notice the presence of CT oscillations in the wave
form of the electromagnetic torque of the PMSM that
involves small speed oscillations that practically do not exist
in case of the classical d-q model.

VII. CONCLUSION

This paper presents an improved d-q model of the PMSM
able to take into account the CT oscillations specific to this
type of machine.

The proposed mathematical model characterized by a
good trade-off between high accuracy and low computation
effort is very useful for the transient analysis of the PMSM.
The elaboration of this model requires first a series of three
FEM transient magnetic analyses for the computation of a
list of requires quantities such as: CT oscillations, e.m.f.,
phase voltage and phase current, magnetic flux amplitude.
Once elaborated, the model can be successfully used in
complex drive schemes offering good precision numerical
results in short computation time.

The simulation results obtained for the studied PMSM
operated as motor and generator emphasize the ability of the
proposed model, in contrast with the classical d-q model of
the machine, to take into account the CT oscillations and
their effects, being thus a valuable tool that can be used to
predict the operation features of PMSM.
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